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Radiance and P o l a r i z a t i o n  of  Mul t ip le  Sca t t e red  
Light  from Haze and Clouds 
GEORGE W .  KATTAWAR and GILBERT N .  PLASS 
Abst rac t  
The r ad iance  and p o l a r i z a t i o n  of m u l t i p l e  s c a t t e r e d  l i g h t  i s  
The c a l c u l a t e d  from t h e  S toke ' s  v e c t o r s  by a Monte Car lo  method. 
e x a c t  s c a t t e r i n g  ma t r ix  f o r  a t y p i c a l  haze and for a cloud whose s p h e r i c a l  
d rops  have an  average r a d i u s  o f  1 2 ~  i s c a l c u l a t e d  from t h e  Mie theory .  
The S toke ' s  v e c t o r  is transformed i n  a c o l l i s i o n  by t h i s  s c a t t e r i n g  
matrix and t h e  r o t a t i o n  mat r ix .  
d i r e c t i o n  a f t e r  s c a t t e r i n g  a r e  chosen by a random process  which c o r r e c t l y  
s imula t e s  t h e  a c t u a l  d i s t r i b u t i o n  f u n c t i o n s  f o r  bo th  ang le s .  
Monte Car lo  r e s u l t s  f o r  Rayleigh s c a t t e r i n g  compare f avorab ly  wi th  w e l l  
known t a b u l a t e d  r e s u l t s .  
r a d i a n c e s  and p o l a r i z a t i o n s  for both  t h e  haze and cloud models and f o r  
s e v e r a l  s o l a r  ang le s ,  o p t i c a l  t h i c k n e s s e s ,  and s u r f a c e  a lbedos .  The 
dependence on t h e s e  v a r i o u s  parameters  i s  d iscussed .  
The two ang les  which d e f i n e  t h e  photon 
The 
Curves are  g iven  of t h e  r e f l e c t e d  and t r ansmi t t ed  
The a u t h o r s  a r e  wi th  t h e  Southwest Center  for Advanced S tud ie s ,  
P .  0.  Box 30365, Dallas, Texas 75230.  
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I n t r o d u c t i o n  
The t r ansmiss ion  and r e f l e c t i o n  of l i g h t  by an  atmosphere composed 
of any a r b i t r a r y  mixture  of a e r o s o l s  and Rayleigh s c a t t e r i n g  c e n t e r s  
can be t r e a t e d  by a Monte Carlo method1Y2. 
c a l c u l a t e d  from t h e  Mie theory 
maximum is used i n  t h i s  method. 
s c a t t e r i n g s  as long as it makes any a p p r e c i a b l e  c o n t r i b u t i o n  t o  t h e  
i n t e n s i t y .  
The exac t  s c a t t e r i n g  f u n c t i o n  
inc lud ing  t h e  t y p i c a l  s t r o n g  forward s c a t t e r i n g  
The photon i s  followed through m u l t i p l e  
Our work has previously used t h e  l i n e a r  t heo ry ,  whereas a complete 
d e s c r i p t i o n  of t h e  s c a t t e r i n g  process  r e q u i r e s  t h e  u s e  of t h e  S t o k e ' s  
v e c t o r s 4 .  
Rayleigh 's  phase f u n c t i o n  by a l i n e a r  t heo ry  d i f f e r s  i n  gene ra l  from 
t h e  c o r r e c t  i n t e n s i t y  obtained by t h e  u s e  of S t o k e ' s  v e c t o r s .  
showed t h a t  d i f f e r e n c e s  of t h e  o rde r  of 1 0 %  occur between va lues  of t h e  
t o t a l  i n t e n s i t y  c a l c u l a t e d  by t h e s e  two methods f o r  some values  of 
t h e  parameters.  
might be less f o r  a Mie phase f u n c t i o n ,  no d a t a  has  been a v a i l a b l e  t h a t  
might be used t o  check t h i s  p o i n t .  
C h a n d r a ~ e k h a r ~  has shown t h a t  t h e  i n t e n s i t y  c a l c u l a t e d  from 
He 
Although it might be a n t i c i p a t e d  t h a t  t h e s e  d i f f e r e n c e s  
I n  t h i s  paper our Monte Carlo work i s  extended t o  inc lude  an  exact  
d e s c r i p t i o n  of t h e  s c a t t e r i n g  process  which u s e s  a s c a t t e r i n g  ma t r ix  
and t h e  S toke ' s  v e c t o r s .  The r e s u l t s  a r e  checked f o r  t h e  case  of 
Rayleigh s c a t t e r i n g  a g a i n s t  t h e  t a b u l a t i o n s  of Coulson, Dave and Sekera5. 
The i n t e n s i t y  and p o l a r i z a t i o n  of t h e  r e f l e c t e d  and t r a n s m i t t e d  l i g h t  
i s  c a l c u l a t e d  f o r  a haze and f o r  nimbostratus  c louds.  Several  t h i c k n e s s e s  
and ang le s  of incidence a r e  considered.  
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Method of Ca lcu la t ion  
Our previous Monte Carlo code which c a l c u l a t e s  r a d i a n c e s  due t o  
photons which have undergone m u l t i p l e  s c a t t e r i n g  has been extended t o  
inc lude  t h e  four component S toke ' s  v e c t o r .  
f o r  t h e  S t o k e ' s  components, t h e  set  I ,  Q ,  U ,  and V seems t o  be t h e  
most advantageous i n  Monte Carlo c a l c u l a t i o n s .  
and t h e  q u a n t i t y  V are both i n v a r i a n t  under a r o t a t i o n  of t h e  r e f e r e n c e  
axes.  Thus t h e  f l u x  can be est imated a t  each c o l l i s i o n  without r o t a t i o n  
of t h e  axes.  
r e p r e s e n t a t i o n .  
O f  t h e  p o s s i b l e  choices  
The t o t a l  i n t e n s i t y  I 
The r o t a t i o n  matr ix  i tself  i s  a l s o  s i m p l i e r  i n  t h i s  
The S t o k e ' s  vector1 a f t e r  a s c a t t e r i n g  event (unprimed v a r i a b l e s )  
is  obtained from t h e  S toke ' s  v e c t o r  be fo re  t h e  s c a t t e r i n g  (primed 
v a r i a b l e s )  from t h e  t ransformation (1) 
) 0 0 0 0 
0 c o s 2 i l  - s i n 2 i l  0 
s i n 2 i l  cos2 i l  0 
D21 s21 0 0 1 
0 
0 
1 0  0 
0 cos2i2 - s in2 i2  
0 s i n 2 i 2  cos2i.2 0 
0 0  0 
The f o u r  q u a n t i t i e s  i n  t h e  s c a t t e r i n g  ma t r ix ,  M 1 ,  M 2 ,  S,,, and D21 are i d e n t i c a l  
with t h e  d e f i n i t i o n s  of Van de Hu l s t6  ( s e e  p. 44). The ang le s  i l  and i 2  
i n  t h e  r o t a t i o n  ma t r ix  are used as de f ined  by C h a n d r a ~ e k h a r ~  ( s e e  p.  39 
and Fig.  8 ) .  
I n  t h e  Monte Carlo method t h e  s c a t t e r i n g  ang le  O i s  s e l e c t e d  by a 
random process  from t h e  cumulative d i s t r i b u t i o n  of t h e  s c a t t e r i n g  func t ion  
z(M1tM2); s i m i l a r l y  t h e  angle i l  is  chosen from a uniform d i s t r i b u t i o n  
I 
I 
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between 0 and 2 ~ .  
the correct distributions for @ and ii. The calculation allows for the 
difference between the actual distribution and the approximate one by 
correcting the components of the Stoke's vector after collision by a 
method described below. 
would yield the correct result for any initial distribution function 
for 0 and il, but the statistical fluctuations are less if the initial 
distribution functions are reasonably close to the actual ones. Once 
the angles 0 and il have been selected, the angle i2 is computed from 
the equations of spherical trigonometry. It should be noted that it 
is not necessary to sample Oand il from a bivariate distribution7, 
but instead a biased distribution may be used. 
These distributions are a first approximation to 
It should be emphasized that the procedure 
Any Monte Carlo calculation may be reduced to the evaluation of 
a multidimensional integral, i.e. the computation of the expectation 
value E of some function f(nl,rl2, ..., n ) of the random variables 
11 1, ' 12 , .  . . , rj 
If at each stage of construction of the path we play for the variable 
E with the probability density function p $ ; ( a )  instead of rl then we 
obtain a different path and the averaged function ~A(E~,E~,...,E ) becomes 
m 
with probability density functions p 1(01) ,p2(a ) ¶ .  . . ,p (a ) . m m 
k k k' 
m 
The same expectation value is obtained in either case since 
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Although ff: and f have t h e  same expec ta t ion  va lues ,  t h e i r  va r i ances  
are d i f f e r e n t  i n  gene ra l .  
I n  o rde r  t o  understand t h e  a p p l i c a t i o n  of t h e  above method t o  our 
problem, cons ider  t h e  i n t e n s i t y  I a f t e r  a s c a t t e r i n g  event ,  bu t  before  
t h e  f i n a l  r o t a t i o n  through the  ang le  i 2 .  From E q .  (1) it is  found t h a t  
wi th  similar r e l a t i o n s  f o r  Q ,  U, and V .  The random v a r i a b l e  0 i s  
sampled from t h e  d i s t r i b u t i o n  t(M1tM2) and i l  i s  chosen uniformly 
between 0 and   IT. The S toke ' s  v e c t o r  I i s  then d iv ided  by t h i s  d i s t r i b u t i o n  
func t ion .  The expec ta t ion  value of t h e  r e s u l t i n g  vec to r  i s  t h e  same 
as though it had been sampled from t h e  c o r r e c t  d i s t r i b u t i o n  i n  both 0 
and i l .  
t o  improve t h e  s ta t i s t ics  of t h e  c a l c u l a t i o n ,  p a r t i c u l a r l y  when t h e r e  i s  
s t rong  forward s c a t t e r i n g .  
m 
The ang le  0 is sampled from t h e  func t ion  i(MltM2) i n  o rde r  
This  method was t e s t e d  by comparing t h e  va lues  t abu la t ed  by 
Coulson, Dave, and Sekera' f o r  Rayleigh s c a t t e r i n g  with t h e  r e s u l t s  
of t h e  Monte Car lo  method. The i n t e n s i t i e s  a r e  shown i n  F igs .  1 and 2 
for an  o p t i c a l  t h i ckness  T = 0.02  and 1. Both t h e  t o t a l  i n t e n s i t y  I and 
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Ir - I are t h e  d i f f e r e n c e  of t h e  two components of t h e  i n t e n s i t y  Q = 
shown. The agreement i s  e x c e l l e n t  when c o n s i d e r a t i o n  is  given t o  t h e  
i n e v i t a b l e  s t a t i s t i c a l  f l u c t u a t i o n s  i n  t h e  Monte Carlo r e s u l t s .  For 
T = 0.02  and 1, t h e  number of photon h i s t o r i e s  c a l c u l a t e d  was 1 0 , 0 0 0  
and 5 ,000  r e s p e c t i v e l y ;  t h e s e  r ep resen ted  c a l c u l a t i o n  times of 1 5  and 
50 min. r e s p e c t i v e l y  on t h e  ISM Model 360-50 e l e c t r o n i c  computer. 
comparison of t h e  p o l a r i z a t i o n s  c a l c u l a t e d  f o r  Rayleigh s c a t t e r i n g  
(us ing  t h e  d e f i n i t i o n  of p o l a r i z a t i o n  given by Coulson e t  a15)  is 
shown i n  F i g s .  3 and 4 .  
The r e s u l t s  of Coulson e t  a15 i n  a l l  t h e s e  f i g u r e s  are  averaged numerical ly  
be fo re  t h e y  were p l o t t e d  over t h e  same u i n t e r v a l  as was used i n  t h e  
Monte Carlo c a l c u l a t i o n .  
R 
A 
For both T va lues  t h e  agreement i s  e x c e l l e n t .  
S c a t t e r i n g  Function 
Two d i f f e r e n t  models of c louds and ha7,es are considered i n  t h i s  
paper .  The f i rs t  i s  t h e  c o n t i n e n t a l  haze model (haze C) proposed by 
Deirmendjian8. 
0 . 0 3 ~ ;  is  l o 3  cm-3 u - l  f o r  r a d i i  between 0.031-1 and 0.1~; is 0 . 1  r-4 
f o r  r a d i i  g r e a t e r  t han  0.1~. 
clouds wi th  moderately l a r g e  water drops.  The p a r t i c l e  concen t r a t ion  
n ( r >  i s  assumed t o  be 
The p a r t i c l e  concen t r a t ion  i s  zero f o r  r a d i i  l e s s  than 
p-' 
The second model (n imbos t r a tus )  r e p r e s e n t s  
n ( r )  = 0.00108 r6 exp ( - 0 . 5  r). ( 5 )  
The maximum p a r t i c l e  concentrat ion occurs  when r = 12p. 
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The s c a t t e r i n g  ma t r ix  was c a l c u l a t e d  f o r  each of t h e s e  models from 
t h e  Mie theo ry  by a method p rev ious ly  desc r ibed3 .  
m a t r i x  were averaged over t he  p a r t i c l e  s i z e  d i s t r i b u t i o n  by a very a c c u r a t e  
i n t e g r a t i o n  r o u t i n e .  A wavelength of 0 . 7 ~  for t h e  i n c i d e n t  l i g h t  and a 
r ea l  index or r e f r a c t i o n  of 1 .33 f o r  t h e  water d r o p l e t s  w a s  assumed for 
t h i s  c a l c u l a t i o n .  The s c a t t e r i n g  ma t r ix  w a s  c a l c u l a t e d  a t  0.25O i n t e r v a l s  
i n  t h e  forward d i r e c t i o n  near t h e  s t r o n g  forward s c a t t e r i n g  maximum and 
a t  2 O  i n t e r v a l s  i n  t h e  backward d i r e c t i o n  where t h e  elements undergo 
o s c i l l a t i o n s .  
model were c a l c u l a t e d  a t  2 O  i n t e r v a l s  and those  of t h e  Haze C model a t  
So i n t e r v a l s .  
The elements of t h e  
A t  t h e  remaining a n g l e s  t h e  elements f o r  t h e  nimbostratus  
The m a t r i x  elements c a l c u l a t e d  i n  t h i s  manner were used i n  t h e  Monte 
c a r l o  c a l c u l a t i o n  as  descr ibed i n  t h e  previous s e c t i o n .  The r e s u l t s  f o r  
t h e  elements of t h e  s c a t t e r i n g  ma t r ix  are shown i n  F i g s .  6 and 7 .  The 
elements f o r  t h e  nimbostratus model do not  vary as smoothly as t h o s e  
f o r  t h e  more moderate r a d i i  of t h e  haze C model. 
r a p i d  f l u c t u a t i o n s  of t h e  elements S21 and Da for t h e  nimbostratus  
model, it was not  p o s s i b l e  t o  p l o t  them when t h e i r  va lues  were l e s s  t han  
Because of t h e  many 
7 io-'+. 
A l l  c a l c u l a t i o n s  r epor t ed  he re  assume a s i n g l e  s c a t t e r i n g  albedo 
of u n i t y  and r e f l e c t i o n  from a Lambert 's s u r f a c e  as r e p r e s e n t a t i v e  w 
of t h e  p l a n e t a r y  s u r f a c e .  
( i n s t e a d  of t h e  value 'TT sometimes chosen) .  
0 
The i n c i d e n t  f l u x  i s  normalized t o  u n i t y  
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Ref lec ted  Radiance 
The r e f l e c t e d  r ad iance  was c a l c u l a t e d  from t h e  s c a t t e r i n g  ma t r ix  
f o r  t w o  o p t i c a l  t h i cknesses  (T = 0 . 1  and 11, two ang le s  o f  inc idence  
( c o s i n e  of i n c i d e n t  angle  u 
(haze  C and n imbos t ra tus) .  The r e s u l t s  f o r  a s u r f a c e  a lbedo  A = 0 and 
0 . 8  and fo r  II = -1 are shown i n  F ig .  7 .  For comparison purposes  t h e  
r e f l e c t e d  r ad iance  c a l c u l a t e d  from t h e  l i n e a r  t heo ry  us ing  a scalar 
s c a t t e r i n g  f u n c t i o n  are  a l s o  shown. 
d i f f e r e n c e  between t h e  r e s u l t s  c a l c u l a t e d  from t h e  l i n e a r  and from t h e  
S t o k e ' s  v e c t o r  methods. Where t h e r e  are d i f f e r e n c e s ,  t h e  va lues  f o r  
one case seem t o  be as  o f t e n  above as below those  fori t h e  o t h e r  case. 
Thus many of t h e s e  d i f f e r e n c e s  are  undoubtedly due t o  s t a t i s t i c a l  f l u c t u -  
= -1 and - O . l ) ,  and f o r  t h e  two models 
0 
0 
I n  most c a s e s  t h e r e  i s  very  l i t t l e  
a t i o n s  i n  t h e  Monte Carlo r e s u l t s .  When T = 0 . 1 ,  10 ,000  photon 
were processed and when T = 1, 7,000 and 5 , 0 0 0  photon h i s t o r i e s  
processed f o r  p = -1 and - 0 . 1  r e s p e c t i v e l y .  
0 
These r e s u l t s  must be i n t e r p r e t e d  i n  terms of t h e  elements  
h i s t o r i e s  
were 
of  t h e  
s c a t t e r i n g  ma t r ix .  
a t  first s i g h t  t o  be s t a t i s t i c a l  f l u c t u a t i o n s  are r e a l  and r e s u l t  from 
v a r i a t i c n s  i n  t h e  s c a t t e r i n g  ma t r ix .  For example, t h e  inc reased  r ad iance  
v a l u e s  between p = 0.7  and 0 . 8  f o r  t h e  n imbos t ra tus  model are t h e  r e s u l t  
of t h e  sharp  maximum i n  t h e  M i  v a lues  a t  t h e  corresponding ang le s  and are 
n o t  a f l u c t u a t i o n .  
Many of t h e  wiggles  i n  t h e  r ad iance  curves  t h a t  appear  
The r e f l e c t e d  r ad iance  when 1-1 = - 0 . 1  i s  shown i n  F igs .  8 - 1 0  as 
The solar horizon is 
0 
a f u n c t i o n  of t h e  cos ine  of t h e  n a d i r  ang le  (p). 
always on t h e  l e f t  hand s i d e  of t h e s e  f i g u r e s  and t h e  a n t i s o l a r  horizon 
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on t h e  r i g h t  hand s i d e .  
over  t h e  azimuth ang le  @ measured from t h e  i n c i d e n t  p lane  from Oo t o  
30° on both  siaes of t h i s  p lane .  
averaged over  @ from 30' t o  60° on both  sides of t h e  i n c i d e n t  p lane .  
S i m i l a r l y  Fig.  1 0  g i v e s  t h e  v a l u e s  averaged over  @ from 60° t o  90°. 
The v a r i a t i o n  of  t h e  rad iance  wi th  p i s  u s u a l l y  much more pronounced 
f o r  photons whose @ value  i s  i n  t h e  f i rs t  of  t h e s e  t h r e e  ranges  compared 
t o  t h o s e  i n  t h e  l&st of t h e s e  r anges .  
The v a l u e s  shown i n  F ig .  8 have been averaged 
The va lues  shown i n  F ig .  9 have been 
There i s  a pronounced i n c r e a s e  i n  t h e  r ad iance  nea r  t h e  s o l a r  hor izons  
when @ i s  nea r  Oo and r e l a t i v e l y  l i t t l e  inc rease  when @ i s  n e a r e r  90°. 
The i n c r e a s e  i n  t h e  f irst  case is  caused by t h e  numerous small ang le  
s c a t t e r i n g  even t s  s p e c i f i e d  by our s c a t t e r i n g  ma t r ix ,  whereas i n  t h e  second 
case t h e  s c a t t e r i n g  ang le s  must be n e a r e r  90° and t h u s  a much smaller 
number of photons a r e  s c a t t e r e d  i n t o  t h e s e  ang le s .  Note t h a t  i n  t h e s e  
f i g u r e s  t h e  scale on t h e  l e f t  should be used f o r  t h e  haze C model and 
t h e  scale on t h e  r i g h t  f o r  t h e  n imbos t ra tus  model. The curves  f o r  t h e  
n imbos t ra tus  model are  almost always below t h e  corresponding curves f o r  
t h e  haze C model when $ > 30° s i n c e  t h e  corresponding s c a t t e r i n g  ang le s  
are f a i r l y  l a r g e  and t h e  p r o b a b i l i t y  of  s c a t t e r i n g  i n t o  t h e s e  l a r g e r  
a n g l e s  i s  cons iderably  less  f o r  t h e  n imbos t ra tus  model t han  f o r  t h e  
haze C model. 
Transmit ted Radiance 
The t r a n s m i t t e d  rad iance  f o r  p = -1 i s  shown i n  F ig .  11. Here once 
0 
aga in  w e  have compared t h e  r e s u l t s  of t h e  c a l c u l a t i o n  from t h e  l i n e a r  
t heo ry  wi th  a s c a l a r  s c a t t e r i n g  f u n c t i o n  and t h e  c a l c u l a t i o n  wi th  t h e  
- 10 - 
S t o k e ' s  v e c t o r s .  Once more t h e  d i f f e r e n c e s  between t h e  two r e s u l t s  
seem q u i t e  small. 
t r e n d  and are  probably mostly due t o  s t a t i s t i c a l  f l u c t u a t i o n s .  
d i f f e r e n c e s  a r e  much smaller  between t h e  two methods of c a l c u l a t i o n  when 
a Mie s c a t t e r i n g  ma t r ix  with s t r o n g  forward s c a t t e r i n g  is  used than  
when t h e  Rayleigh ma t r ix  i s  assumed. This i s  because i n  t h e  Rayleigh 
case t h e  d i f f e r e n c e  between t h e  two po la r i zed  components of  t h e  i n t e n s i t y  
r eaches  a maximum a t  a s c a t t e r i n g  ang le  of 90° s i n c e  one component of 
t h e  i n t e n s i t - y  approaches zero a t  90°. In  t h e  p re sen t  models t h e r e  i s  
no such l a r g e  d i f f e r e n c e  between t h e  two components a t  any s c a t t e r i n g  
ang le  and on t h e  average they a r e  much c l o s e r  t o  each o t h e r .  Thus it seems 
e s t a b l i s h e d  t h a t  t h e  t o t a l  i n t e n s i t y  can be obtained with reasonable  
accuracy f o r  a Mie p a r t i c l e  from t h e  l i n e a r  t heo ry  provided t h a t  t h e  
d i f f e r e n c e s  between t h e  two components i s  not  t o o  l a r g e  on t h e  average. 
O f  cou r se ,  t h e  complete theory with t h e  S toke ' s  v e c t o r s  should be used 
i f  p o l a r i z a t i o n  information i s  d e s i r e d  or i f  t h e r e  are an apprec iab le  
number of Rayleigh s c a t t e r i n g  c e n t e r s  i n  t h e  atmospherae. 
When they do appear ,  they do not  show any c o n s i s t e n t  
The 
The t r a n s m i t t e d  radiance when 1-1 = - 0 . 1  i s  given i n  F igs .  1 2  - 1 4 .  
I n  t h e s e  f i g u r e s  u s e  t h e  s c a l e  on t h e  l e f t  f o r  t h e  haze C model and t h e  
s c a l e  on t h e  r i g h t  f o r  t he  nimbostratus  model. 
i s  nea r  t h e  i n c i d e n t  plane,  t h e  maximum rad iance  va lue  occurs  on t h e  s o l a r  
horizon when T = 0 . 1 .  This i s  caused by t h e  numerous small angle  
s c a t t e r i n g  even t s .  
The maximum is much l e s s  prominent a t  o t h e r  4 ang les .  A t  ang le s  away from 
t h e  d i r e c t i o n  of t h e  inc iden t  beam, t h e  r ad iance  i s  less i n  most c a s e s  f o r  
t h e  nimbostratus  model than for t h e  haze C model. 
0 
When t h e  t r a n s m i t t e d  photon 
When T = 1, t h e  maximum occurs  above t h e  s o l a r  horizon.  
This is because t h e  
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p r o b a b i l i t y  for s c a t t e r i n g  through a given a n g l e  i s  g r e a t e r  for t h e  
haze C model t han  f o r  t h e  nimbostratus  model f o r  a l l  s c a t t e r i n g  ang le s  
except  t h o s e  near  Oo and those nea r  t h e  sha rp  peak i n  M1 nea r  cos  0 = -0 .8 .  
P o l a r i z a t i o n  of Ref l ec t ed  Light 
The p o l a r i z a t i o n  of t h e  r e f l e c t e d  l i g h t  i s  c a l c u l a t e d  as p a r t  of 
our  Monte Carlo code. There a r e  s e v e r a l  d e f i n i t i o n s  of p o l a r i z a t i o n .  
In  t h i s  s e c t i o n  we use t h e  Rubenson d e f i n i t i o n  of t h e  degree of p o l a r i z a t i o n  
P as 
P = Q / I  = ( I  - I L ) / ( I r  + I R ) .  ( 6 )  r 
The components U and V a r e  small compared t o  I and Q i n  almost a l l  c a s e s  
c a l c u l a t e d  h e r e ,  so t h a t  t h i s  p o l a r i z a t i o n  g i v e s  r e s u l t s  very c l o s e  
t o  t h o s e  obtained from t h e  d e f i n i t i o n  involving U and V .  In  a d d i t i o n  
t h e  s i g n  of t h e  Rubenson degree of p o l a r i z a t i o n  d e f i n e s  t h e  ' o r i en ta t ion  
of t h e  p l ane  of p o l a r i z a t i o n  of t h e  s c a t t e r e d  
t h e  plane of p o l a r i z a t i o n  of t h e  s c a t t e r e d  l i g h t  i s  pe rpend icu la r  t o  t h e  
s c a t t e r i n g  p l ane .  
l i g h t .  When it i s  p o s i t i v e ,  
The p o l a r i z a t i o n  when p = -1 is shown i n  Fig.  1 5 .  Values are 
0 
given f o r  a number of su r face  albedos A .  
comparison purposes t h e  p o l a r i z a t i o n  c a l c u l a t e d  from s i n g l e  s c a t t e r i n g  
only.  
method for A = 0 fo l lows  the average va lue  of t h e  s i n g l e  s c a t t e r i n g  curve 
c l o s e l y  except near  t h e  horizon where m u l t i p l e  s c a t t e r i n g  reduces t h e  
The curves for T = 0 . 1  show f o r  
I t  i s  seen t h a t  t h e  p o l a r i z a t i o n  c a l c u l a t e d  from t h e  Monte Carlo 
- 12 - 
p o l a r i z a t i o n  va lues .  P a r t i c u l a r l y  for t h e  n imbos t ra tus  model, t h e  Monte 
Car lo  r e s u l t s  by themselves would appear  r a t h e r  s t r ange  and as though they  
had l a r g e  f l u c t u a t i o n s .  However, t h e  s i n g l e  s c a t t e r i n g  curve shows t h a t  
they  f a i t h f u l l y  reproduce t h e  many sharp  peaks and v a l l e y s  i n  t h i s  curve.  
When T = 0 . 1  t h e  p o l a r i z a t i o n  is  l a r g e  only when t h e  su r face  albedo 
i s  nea r  zero .  When A 0 . 2  t h e  p o l a r i z a t i o n  i s  n e a r l y  zero  except very  
c l o s e  t o  t h e  horizon.  This  of course  is  due t o  t h e  s t rong  unpolar ized 
f l u x  of r a d i a t i o n  which i s  r e f l e c t e d  from t h e  s u r f a c e  and can e a s i l y  
p e n e t r a t e  a cloud with t h e  r e l a t i v e l y  small T va lue  of 0.1, When T = 1, 
it i s  i n t e r e s t i n g  t o  see  how t h e  p o l a r i z a t i o n  va lues  f o r  A = 0 a r e  reduced 
from those  f o r  T 0 . 1  by mul t ip l e  s c a t t e r i n g .  However, when some 
r a d i a t i o n  is r e f l e c t e d  from t h e  s u r f a c e ,  t h e  p o l a r i z a t i o n  i s  l a r g e r  i n  
every case  for T = 1 than  f o r  T = 0 . 1 .  
which is unpolar ized  a f t e r  r e f l e c t i o n  from a Lambert 's  su r f ace  undergoes 
on t h e  average one o r  more c o l l i s i o n s  before  l eav ing  t h e  upper su r face  
of t h e  cloud when T = 1 and becomes p a r t i a l l y  po la r i zed  by t h e s e  c o l l i s i o n s .  
The n imbos t ra tus  p o l a r i z a t i o n  s t i l l  has  a s t r o n g  maximum f o r  p between 
0 .7  and 0 . 8  corresponding t o  t h e  l a r g e  d i f f e r e n c e  between t h e  elements 
M1 and M2 of t h e  s c a t t e r i n g  mat r ix .  
A t h e  p o l a r i z a t i o n  f o r  t h e  n imbos t ra tus  model i s  i n  gene ra l  l e s s  than 
t h a t  f o r  t h e  haze C model. This  i s  because a g r e a t e r  r a d i a t i o n  f l u x  
r eaches  t h e  lower su r face  f o r  a given T value  f o r  t h e  nimbostratus  model 
with i t s  s t rong  forward s c a t t e r i n g  than  f o r  t h e  haze C model. 
This i s  because t h e  r a d i a t i o n  
For a given non-zero su r face  albedo 
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The p o l a r i z a t i o n  curves f o r  P = - 0 . 1  a r e  given i n  F igs .  1 6  - 1 9 .  
0 
The photons near  t h e  p lane  of inc idence  have an apprec i ab le  p o l a r i z a t i o n  
only  when A = 0 and they  a r e  near  t h e  n a d i r .  When T = 0 . 1  and $ i s  near  
90° t h e  p o l a r i z a t i o n  i s  negat ive and i t s  va lue  is between -0 .24  and -0.43 
for all p va lues  when A = 0 .  
when A i nc reases  from zero.  
g e n e r a l  smaller than  those  f o r  T 0 . 1  when A = 0 .  On t h e  o t h e r  hand 
they  a r e  i n  gene ra l  l a r g e r  f o r  T 1 than  f o r  T 0 . 1  f o r  non-zero va lues  
of A as t h e  unpolar ized r e f l e c t e d  r a d i a t i o n  i s  po la r i zed  by c o l l i s i o n s  
on i t s  way back up through t h e  t h i c k e r  atmosphere. 
A = 0 and 60° < 4 < 90°, t h e r e  were r e l a t i v e l y  few photons s c a t t e r e d  
i n t o  t h i s  range  and so t h e  s t a t i s t i c a l  f l u c t u a t i o n s  i n  t h e  r e s u l t  a r e  
g r e a t e r  t han  for t h e  o t h e r  curves .  
The p o l a r i z a t i o n  decreases  r a p i d l y  t o  zero  
When T = 1 t h e  p o l a r i z a t i o n  va lues  a r e  i n  
I n  some cases  such as 
- 
The n e u t r a l  p o i n t s  have been ind ica t ed  by arrows on t h e  f i g u r e s .  
The n e u t r a l  p o i n t s  f o r  t h e  haze C model are  a t  approximately 1-1 = 0.3  and 
0 .4  when T = 0 . 1  and are a t  p = 0 . 6  and 0 . 4  when T = 1 on t h e  s i d e  of 
t h e  s o l a r  and a n t i s o l a r  horizons r e s p e c t i v e l y .  
ca t ed  s c a t t e r i n g  ma t r ix ,  the  nimbostratus  model has  f o u r  n e u t r a l  p o i n t s  
which a re  a t  p = 0 . 2  on t h e  s i d e  near  t h e  s o l a r  horizon,  a t  !A = 1, and 
a t  11 = 0 . 5  and 0 . 1  on t h e  s ide  near  t h e  a n t i s o l a r  horizon.  
Because of i t s  more compli- 
P o l a r i z a t i o n  of Transmitted Light  
The p o l a r i z a t i o n  of the  t r ansmi t t ed  l i g h t  f o r  1-1 0 = -1 is  shown i n  
F ig .  20 .  
from t h e  s c a t t e r i n g  mat r ix  for s i n g l e  s c a t t e r i n g  only.  
We have aga in  shown f o r  comparison t h e  p o l a r i z a t i o n  c a l c u l a t e d  
The Monte Carlo 
- 14 - . .  
r e s u l t s  f o r  T = 0 . 1  again agree w e l l  wi th  t h e  s i n g l e  s c a t t e r i n g  r e s u l t s  
when t h e s e  a r e  averaged over t h e  same ~-r i n t e r v a l s ,  except near  t h e  horizon 
where they  a r e  lower because of m u l t i p l e  s c a t t e r i n g .  The p o l a r i z a t i o n s  
are both p o s i t i v e  and negat ive for t h e  nimbostratus  model, bu t  only p o s i t i v e  
f o r  t h e  haze C model. 
dec reases ,  but  much less r a p i d l y  than  t h e  p o l a r i z a t i o n  of t h e  r e f l e c t e d  l i g h t .  
This  is because t h e  l i g h t  r e f l e c t e d  from t h e  lower s u r f a c e  must be s c a t t e r e d  
a t  l eas t  once i n t o  a downward d i r e c t i o n  i n  o r d e r  t o  c o n t r i b u t e  t o  t h e  t r a n s -  
mi t t ed  l i g h t ;  it is p a r t i a l l y  p o l a r i z e d  by such a s c a t t e r i n g  event .  
Even when A = 1 t h e  p o l a r i z a t i o n  i s  of t h e  o rde r  of 0 . 1  over much of t h e  
range i n  1.1 for t h e  haze C model and T = 0 . 1 .  
ze ro  i n  a l l  c a s e s  nea r  t h e  d i r e c t i o n  of t h e  i n c i d e n t  beam. Except near 
t h e  horizon,  t h e  p o l a r i z a t i o n  of t h e  t r a n s m i t t e d  beam t ends  t o  decrease 
f o r  a l l  va lues  of A as t h e  o p t i c a l  t h i c k n e s s  i n c r e a s e s .  
A s  A i n c r e a s e s  t h e  p o l a r i z a t i o n  of t h e  t r a n s m i t t e d  l i g h t  
The p o l a r i z a t i o n  i s  v i r t u a l l y  
The p o l a r i z a t i o n  for 1-1 = - 0 . 1  i s  shown i n  Figs .  2 1  - 24.  When 41 
i s  nea r  Oo t h e  p o l a r i z a t i o n  i s  p o s i t i v e  and has a maximum near  t h e  z e n i t h .  
For l a r g e r  v a l u e s  of $I t h e  p o l a r i z a t i o n  i s  e i t h e r  negat ive or has a small 
p o s i t i v e  va lue .  The magnitude of t h e  p o l a r i z a t i o n  t ends  t o  decrease 
i n  a l l  cases as t h e  o p t i c a l  t h i c k n e s s  i n c r e a s e s ,  except poss ib ly  near  t h e  
horizon.  = -1 and 1 . 1 ~  = - 0 . 1  shows t h a t  
t h e  maximum p o l a r i z a t i o n  values  tend t o  occur i n  a r eg ion  approximately 
90° from t h e  d i r e c t i o n  of the i n c i d e n t  beam. However, i n t e r e s t i n g  
d i f f e r e n c e s  show up between t h e  models. 
p o l a r i z a t i o n  occur s  for $I near Oo i n  t h e  u i n t e r v a l  from 1 t o  0 . 9  i n  t h e  
d i r e c t i o n  of t h e  a n t i s o l a r  horizon. On t h e  o t h e r  hand f o r  t h e  nimbostratus  
0 
A comparison of the cu rves  for 1-1 
0 
For t h e  haze C model t h e  maximum 
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model t h e  p o l a r i z a t i o n  is  l a r g e  for P between 1 and 0 .5  and r eaches  a 
maximum i n  t h e  u i n t e r v a l  from 0 .6  t o  0 . 5  i n  t h e  d i r e c t i o n  of t h e  a n t i -  
solar hor izon .  
t h e  M 1  and M2 components of t h e  s c a t t e r i n g  ma t r ix  f o r  t h e  nimbostratus  
model and f o r  s c a t t e r i n g  angles  somewhat g r e a t e r  than  90°. 
This  is caused by t h e  r e l a t i v e l y  l a r g e  d i f f e r e n c e  between 
The n e u t r a l  p o i n t s  have been ind ica t ed  by arrows on t h e  p o l a r i z a t i o n  
curves .  
s i n c e  it has a r eg ion  where  t h e  p o l a r i z a t i o n  i s  s l i g h t l y  nega t ive  from 
The nimbostratus  model has  an e x t r a  n e u t r a l  po in t  near  t h e  z e n i t h  
0 .4  t o  1 i n  t h e  d i r e c t i o n  of  t h e  s o l a r  horizon.  
- 1 6  - 
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Legends f o r  Figures  
Fig.  1. Ref lec t ed  radiance as a f u n c t i o n  of t h e  cos ine  of t h e  z e n i t h  
ang le  ( u )  f o r  Rayleigh s c a t t e r i n g .  
Q are shown f o r  both T = 0.02 and 1. The r e s u l t s  of t h e  Monte 
Carlo c a l c u l a t i o n  are  compared with those  of Coulson, Dave, 
and Sekera' averaged over t h e  same u i n t e r v a l s .  
curves  t h e  cos ine  of t h e  i n c i d e n t  ang le  ( u  ) is -1 and t h e  
s u r f a c e  albedo A 0.  
Transmit ted radiance as a f u n c t i o n  of u f o r  Rayleigh s c a t t e r i n g .  
See c a p t i o n  f o r  Fig. 1. 
P o l a r i z a t i o n  of the r e f l e c t e d  r a d i a t i o n  as a f u n c t i o n  of 
f o r  Rayleigh s c a t t e r i n g .  See c a p t i o n  f o r  F ig .  1. 
Fig.  4.  P o l a r i z a t i o n  of the t r a n s m i t t e d  r a d i a t i o n  as a f u n c t i o n  of 
f o r  Rayleigh s c a t t e r i n g .  See c a p t i o n  f o r  Fig.  1. 
The S toke ' s  v e c t o r s  I and 
For a l l  t h e s e  
0 
Fig.  2 .  
Fig.  3. 
Fig.  5 .  Four elements (MI, M2, S21 , D21) of t h e  s c a t t e r i n g  ma t r ix  
as a f u n c t i o n  of the s c a t t e r i n g  ang le  0 f o r  t h e  haze C model. 
Fig.  6 .  Four elements (MI, M2, S21 , D 2 1 )  of t h e  s c a t t e r i n g  ma t r ix  
as a f u n c t i o n  of the s c a t t e r i n g  ang le  0 f o r  t h e  nimbostratus  
model. 
Fig.  7 .  Re f l ec t ed  r ad iance  as a f u n c t i o n  of t h e  cos ine  of t h e  z e n i t h  
ang le  (p) f o r  A = 0 and A = 0.8  and po = -1. 
f o r  T = 0 . 1  and 1 and f o r  t h e  haze C and nimbostratus  models. 
The r e s u l t s  obtained from t h e  l i n e a r  theory and from S toke ' s  
v e c t o r s  are compared. 
Curves are shown 
- 18 - 
Fig .  8.  
Fig.  9 .  
F ig .  1 0 .  
F ig .  11. 
F i g .  1 2 .  
F ig .  13.  
Fig.  1 4 .  
F ig .  1 5 .  
F ig .  1 6 .  
Re f l ec t ed  r ad iance  as a f u n c t i o n  of 1.1 f o r  1.1 = - 0 . 1  and A = 0 
and 0 .8 .  The resul ts  have been averaged over t h e  azimuth 
a n g l e  0 measured from t h e  i n c i d e n t  p l ane  f o r  Oo t o  30° on both 
s i d e s  of t h i s  plane.  
l e f t  hand s i d e  of t h e  f i g u r e  and t h e  a n t i s o l a r  horizon on t h e  
r i g h t  hand s i d e .  
Reflected r ad iance  as  a f u n c t i o n  of 1.1. Same as F ig .  8 except 
t h a t  t h e  r e s u l t s  have been averaged over 41 from 30° t o  60° 
on both s i d e s  of t h e  i n c i d e n t  plane.  
Re f l ec t ed  radiance as a f u n c t i o n  of 1.1. Same as F ig .  8 except 
t h a t  t h e  r e s u l t s  have been averaged over $I from 60° t o  90° 
on both s i d e s  of t h e  i n c i d e n t  p l ane .  
Transmitted radiance as a f u n c t i o n  of 1.1. See c a p t i o n  f o r  F ig .  7 .  
Transmitted radiance as a f u n c t i o n  of p. See c a p t i o n  f o r  F ig .  8.  
Transmitted radiance as a f u n c t i o n  of 1.1. See c a p t i o n  for Fig.  9 .  
Transmitted radiance as a f u n c t i o n  of 1.1. See c a p t i o n  f o r  F ig .  1 0 .  
P o l a r i z a t i o n  of r e f l e c t e d  r a d i a t i o n  as a f u n c t i o n  of ~ . l .  Curves 
are shown for T = 0 . 1  and 1, 1.1 = 1, haze C and nimbostratus  
models, and A = 0 ,  0.2, 0 .4 ,  0 . 6 ,  0 . 8 ,  and 1. The continuous 
s o l i d  curve i s  the p o l a r i z a t i o n  c a l c u l a t e d  from t h e  s c a t t e r i n g  
ma t r ix  f o r  s i n g l e  s c a t t e r i n g  events  on ly .  
P o l a r i z a t i o n  of r e f l e c t e d  r a d i a t i o n  as  a f u n c t i o n  of 1.1. Curves 
are shown f o r  t h e  haze C model, 1 . 1 ~  = 0;1, T 0 . 1 ,  and A = 0 ,  
0 . 2 ,  0 . 4 ,  and 1. The r e s u l t s  have been averaged over 0 from 
Oo t o  30° on both s i d e s  of t h e  i n c i d e n t  p l ane  f o r  t h e  t o p  set 
of cu rves ;  from 30° t o  60° f o r  t h e  middle se t  of curves;  and from 
0 
On a l l  curves t h e  s o l a r  horizon is on t h e  
0 
60° t o  90° f o r  t he  bottom se t  of curves .  
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Fig .  17 .  
F ig .  18.  
F ig .  19 .  
F ig .  20. 
Fig.  21 .  
F ig .  22.  
F ig .  23.  
F ig .  24. 
P o l a r i z a t i o n  of r e f l e c t e d  r a d i a t i o n  as a f u n c t i o n  of u. Same 
as Fig .  1 6  except  T = 1. 
P o l a r i z a t i o n  of r e f l e c t e d  r a d i a t i o n  as a f u n c t i o n  of p. 
as  Fig .  1 6  except  f o r  nimbostratus  model. 
P o l a r i z a t i o n  of r e f l e c t e d  r a d i a t i o n  as a f u n c t i o n  of p. 
as F i g .  17  except f o r  n imbos t ra tus  model. 
P o l a r i z a t i o n  of t r ansmi t t ed  r a d i a t i o n  as a func t ion  of p. 
Curves are shown f o r  t h e  haze C and nimbostratus  models, T = 0 . 1  
and 1, 
cont inuous s o l i d  curve is  t h e  p o l a r i z a t i o n  c a l c u l a t e d  from t h e  
s c a t t e r i n g  mat r ix  f o r  s i n g l e  s c a t t e r i n g  only.  
P o l a r i z a t i o n  of  t r ansmi t t ed  r a d i a t i o n  as a func t ion  of p. 
= 0.1, T = 0 . 1 ,  Curves are shown f o r  t h e  haze C model, 
and A = 0,  0 .2 ,  0 . 4 ,  and 1. The r e s u l t s  have been averaged 
over 0 from Oo t o  30° on both s i d e s  of t h e  i nc iden t  p lane  f o r  t h e  
t o p  s e t  of curves;  from 30° t o  60° f o r  t h e  middle set of curves ;  
and from 60° t o  90° f o r  t h e  bottom s e t  of curves .  
P o l a r i z a t i o n  of t r ansmi t t ed  r a d i a t i o n  as a func t ion  of p. 
Same as Fig .  21 except T = 1. 
P o l a r i z a t i o n  of t r ansmi t t ed  r a d i a t i o n  as a func t ion  of LI. 
Same as F ig .  2 1  except f o r  nimbostratus  model. 
P o l a r i z a t i o n  of  t r ansmi t t ed  r a d i a t i o n  as a func t ion  of p. 
Same as  Fig .  2 2  except f o r  nimbostratus  model. 
Same 
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